Equations of motion for general gravitational connection and orthonormal coframe from the Einstein-Hilbert type action are derived. Our formulation does not fix coframe to be tangential to spatial section hence Lorentz group is still present as a part of gauge free- 
I. INTRODUCTION
Einstein theory of General Relativity is well known and understood theory of gravitation for almost a century. Gravitational interaction is described by metric tensor g of a spacetime manifold M. Einstein needed to assume that gravitational connection is metric-compatible and torsionfree in his derivation of equations of motion for g. We will call such connection geometrical or Riemann-Levi-Civita (RLC). Important thing is that the geometrical connection (RLC)∇ is uniquely determined by the metric g. If we want to describe gravitational system interacting with Dirac field
within General Relativity then we should express metric in terms of orthonormal coframe e a . The action of such system is given by sum of Einstein-Hilbert and Dirac actions 1 , where the spacetime external derivative operatord should be replaced by (RLC)∇ in order to have a final theory locally Lorentz invariant.
There exist another approach to the relativistic theory of gravitation. Interaction in Standard model of elementary particles is described by gauge potentials given by the appropriate gauge group, e.g. U(1) for electromagnetism or SU (2) We will see in this article, that these three theories are physically equivalent at least in the case of pure gravity. Problems occur if we want to add matter fields with Lagrangian depending on connection 1-forms. In general case these three theories are no longer equivalent. We will show that general connection can be decomposed into metric-compatible connection plus something.
If matter Lagrangian depends only on metric-compatible part of general connection then Kibble theory and theory of affine connection are equivalent as we will see in last paper of this series.
Physically reasonable example of such matter are all Standard model fields. Bosons do not interact directly with connection while spinor part of Lagrangian depends only on metric-compatible part of connection. Since Standard model plus Gravity is everything what we know about the Nature at the present stage of Physics we will not distinguish between these two theories and we will call them as Einstein-Cartan theory in this series except the next section and the last paper for simplicity, where we will show an example of Bičák vector field 5 , which violates this equivalence and one must consider three different descriptions of its interaction with gravity.
We will focus on Einstein-Cartan theory in this paper. The motivation for this choice is taken from loop quantum gravity, where Ashtekar connection A on a spatial section Σ is defined by RLC connection of q (q is a metric on Σ induced from the 4-dimensional metric g of the spacetime M) and an external curvature of the 4-dimensional RLC connection. Ashtekar originally began with complex connection A but problems with reality conditions or hermiticity of inner product of quantum Hilbert space caused that Barbero-Immirzi parameter enters the theory and A becomes real. This parameter plays no role on classical level, but after quantization it causes ambiguity and must be fixed by comparison of Hawking-Bekenstein entropy with entropy computed from loop theory. Fermionic matter was successfully added to loop gravity only on kinematical level and problem of dynamics remains unresolved. And last but not least, problem is that general theory is SO(g) invariant what is still true in the case of complex Ashtekar connection but the real loop theory broke down this explicit invariance to SO(q) 6, 7 .
If one 8 does not fix coframe to be tangential to Σ in opposite to euclidean loop gravity then all degrees of freedom enters the theory which can then be expressed as SO(g) gauge theory. As is shown in B this leads to the theory where torsion appears as the first class constraint in the case of 2+1 dimensional gravity what is good news for 2+1 dimensional theoretical physicists, because they can work with SO(g) gauge connection instead of 2+1 analogue of Ashtekar connection and problem of vanishing torsion can be solved on quantum level as they wish. Unfortunately in the case of 3+1 dimensional Einstein-Cartan theory the condition of vanishing the torsion is split in two parts where one is the first class and other is the second class constraints. Therefore new potential problems like introduction of ghosts might be solved on quantum level.
This is the first part of a series of three papers devoted to Einstein-Cartan theory. In this paper, we will focus on the derivation of Hamiltonian-Dirac formulation of our physical system. The paper is organized as follows. In section II, Lagrangian formulation of the Einstein-Cartan theory is formulated in the language of forms valued in the tangent tensor algebra ΛTM. Equations of motion (EOM) are derived and equivalence between theory of General Relativy and EinsteinCartan theory is also shown in this section. 3+1 decomposition is performed in section III and also some useful formulas are evaluated there. In section IV, the Hamiltonian of the theory is written and separation of constraints into the first and second class is performed. In section V, Dirac brackets are introduced and coordinates on the reduced phase space are defined. And in the last section VI, open problems are discussed and possible solutions are sugessted. Also few comments are added about possible quantization.
II. LAGRANGIAN OF EINSTEIN-CARTAN THEORY
) be a spacetime manifold equipped with metric g (signature(g) = (+, −, −, −)). Geroch's theorem 9 says that a spinor structure over the manifold M exists iff there exists a global orthonormal frame e a over M and M is orientable. These two conditions restrict possible topological shapes of M and Σ, e.g. if the spacetime manifold is given by product M = R×"3-dimensional sphere" then Geroch's conditions are not fulfilled and the spinor structure can not be defined over such manifold, in other words if one considers Friedman's models then closed model violates Geroch's conditions. We assume Geroch's conditions already now in the case of pure gravity since spinors should be added into the theory later so there is no loss of generality 10 .
Let e a be a global orthonormal frame and e a its dual. Then every useful geometrical or gravitational variable can be written in a global manner. Let us look at the basic quantities:
4-volume form (ε abcd is Levi-Civita antisymmetric symbol, see convention in appendix A) General Relativity sets connection∇ to be geometrical and the Einstein-Hilbert action of GR is
is its volume form and κ is Newton's constant (c=1). The action written in this form explicitly depends on the choice of coordinates and one should overlap few coordinate's neighbourhoods and solve boundary terms if one wants to cover the whole manifold M in general case. But if we use our assumption about e a then we can rewrite the Einstein-Hilbert action into the following geometrical form
where R a g b is a curvature 2-form of RLC connection. 
where Ω is a timelike compact set, i.e. Ω =< t i ; t f > ×Σ. For simplicity we assume in this paper that Σ is compact manifold, e.g. torus; our next paper will be focused also on noncompact manifolds with boundary. Let us decompose variableΓ 
Notice that variableB does not enter the action (4). Thus variation of (4) with respect toB vanishes identically and no corresponding equation of motion arises, i.e.
henceB is strictly gauge variable. Now if we make variation of (4) with respect toĈ ab then we get
for ∀δĈ ab : δĈ ab = δĈ ba and η ab δĈ ab = 0. Equation (6) is equivalent tô
If we use this fact then the action (4) can be reduced as
what is an action of Einstein-Cartan theory for metric-compatible connectionÂ ab , but our configuration space is little bit bigger since it is described by variables e a ,Â ab ,B (Ĉ ab = 0 by equation (6) or (7)) and their velocities. Hence we get Einstein-Cartan theory by gauge fixationB = 0. 
where the torsion components are given bŷ
Equation (9) implies that connectionD is torsion-free and together with metricity ofD we have thatD is geometrical connection. Equations (10) are Einstein equations of General Relativity.
Solution for general gravitational connectionΓ ab iŝ
whereB is arbitrary 1-form andÂ ab , e a are given by equations (9) gravitational system or gravitational system interacting with spinor fields we will not distinguish between them and we will call both of them Einstein-Cartan theory (ECT).
III. 3+1 DECOMPOSITION
We already assumed that the spacetime M is given by product R × Σ. This assumption is equivalent to the existence of a global Cauchy surface and hence solution of equations (9) and (10) can be evolved from initial data on Σ uniquely upto gauge transformation 12 . Our basic variables e a ,B andĈ ab belong to the algebra ΛTM whileÂ ab are connection forms on M, so it will be useful to preserve this structure even in Hamiltonian formulation. Since we assume that Geroch's conditions are valid, there exists global orthonormal frame e a . Let x ∈ Σ then M x = Span{e a x } together with metric g x define tangent Minkowski space at point x. Since x is arbitrary point of Σ then space M = ∪ x∈Σ M x plays analogue role as T 1 Σ but it is little bit bigger since M contains even non tangential vectors. Important thing is that M can be represented asM = F(Σ) 4 and it is also equipped with Minkowski metric η ab . Hat over M will be omitted from now and space M and its representation will be identified. M is a vector space and we can define its tensor algebra TM and algebra of forms on Σ valued in this space ΛTM . Let e a andẽ a be two orthonormal frames in M . Then due to Geroch's conditions there exists just one g ∈ O(g) × Σ such that e a = g * e a . Thus we see that there exists trivial principal bundle O(g)Σ = Σ × O(g) over Σ which can be identified with M . Now we can start detail analysis of 3+1 decomposition of our variables.
LetT ∈ ΛTM be a p-form valued in TM, thenT can be uniquelly decomposed into pure spatial
Another important geometric object is an external derivative operator. Let us denote byd external derivative on M while we keep d for Σ. Anyway we still write dt with the hope that this will not cause any problem. Let us applyd onT, we obtain
where dot means action of Lie derivate along ∂ t which is just simple time derivative of components, e.g. for spatial 1-formṪ = ∂ t T α dx α , etc. So we can project spacetime p-form onto the pure spatial p-form and (p-1)-form on Σ and even 3 + 1 dimensional external derivative is also writen in the language of spatial forms and their time and spatial derivatives.
Let us explore what happens with orthonormal coframe e a . We can write
where α, β, γ, . . . = 1, 2, 3 are spatial coordinate indices while a, b, c, . . . = 0, 1, 2, 3 are reserved for tensors on M . It is useful for our purposes to decompose even frame e a into spatial and time
It should be noted that λ a η ab λ a . We hope that this notation is not confusing since if we need to in/de-crease indices then it will be explicitly written using metric tensor. We have
thus matrices (λ a , E a α ) and (λ a , E α a ) T are mutually inverse and since they are finite dimensional we also have
or
As we expected, variables λ a , λ a , E a and E a are not independent and we can express vector coefficients by using the covectors via well known formula for inverse matrix
where
Coordinate's (co)vectors can be written with the help of previous formulas as
thus we see that vector
Since M is isomorphic to T 1 M and there exists a natural decomposition of T 1 M into subspaces collinear with embedding of Σ and ∂ t there should also exist a similar structure on the space M .
We have immediately from relation (λ
We can rearrange the equation (14) as
and another supplemental projection on that tangent to Σ. We were working with general orthonormal frame until now. From this moment e a is supposed to be righthanded and future oriented. This assumption restricts our variables λ a , E a and following conditions should be fulfilled
where q is spatial metric and q < 0 means that this tensor on Σ is strictly negative, i.e ∀v 0 ∈
subgroup of O(g) preserving conditions (22)-(25). If one wants
to work with the whole O(g) then configuration manifold splits into four disjoint parts given by future/past and right/left hand orientation and this discrete structure should be taken into account on quantum level, but this is far at the moment.
Decomposition of variablesB ab ,Ĉ ab is given bŷ
and we can now focus on the metric connection variableÂ ab . We can writê
It should be noted that
a new coframe 13 on T 1 M then transformation law for A ab is given by formulã
where D is a spatial covariant external derivative operator on ΛTM given by
andḊ is a covariant time derivativeḊ
Since Λ ab and A ab are antisymmetric in their indices we have immediately that
Thus operators D andḊ are compatible with the metric η ab on M .
Let us summarize our situation. We started with connectionD on ΛTM with gauge group SO(g). 3 + 1 decomposition of space ΛTM leads us to the pure spatial connection D on Σ with the same group SO(g) which is good news for us. Since as we wanted or expected the SO(g) structure is preserved even in the language of spatial forms on Σ. This is in contrast with standard ADM/real Loop formulation 14 where gauge group is only SO(q). So far we are still working with real variables which is again in contrast with complex Loop theory where gauge group is SO(g) but the prize paid for that is the loss of reality of variables.
In general theory of gauge connections a notion of curvature is well known. Vanishing of curvature expresses the condition that a horizontal subspace in fibre bundle over given manifold is integrable. In usual words this means that parallel transport along closed path of a given object (the object should be valued in nontrivial representantion space of the gauge group) is given by identity (see details in ,e.g., [ 11 ] ). That's why curvature plays important role even for general gauge group G (recallF =dÂ in Maxwell theory or more complicated objects in Standard Model). For our purposes it is sufficient to write down an explicit formula which is
The spacetime curvatureR ab can be decomposed aŝ 
Since we are not and will not be working with the 3-dimensional SO(q)-connection let us call for simplicity T a as torsion on places where no confusion can arise. Another motivation for its name appears if we write spacetime torsionT a in 3 + 1 manner
As we can see, a spatial part of the spacetime torsionT a is just SO(g)-torsion T a .
It will be useful in a while and also in next sections to have derived few formulas. In order to do this, let us consider 2-form P ab which is antisymmetric in its indices ab, i.e.
P ab can be decomposed in its tensor indices into spatial and time parallel parts as
Let us focus on the tangential partP ab . We can multiply it by
It is easy to show that there is a one to one correspondence betweenP ab and K 
which can be written as a sum of symmetric and antisymmetric parts
Antisymmetric part can be rewritten as
Thus whole information about P ab is encoded in three independent components
where (sign and 2 is just convention)
Let us consider a linear map of P ab given by integral
where B ab is a 1-form antisymmetric in its indices. Since we can decompose P ab into the three parts we can expect that similar decomposition works for its dual B ab . We can write
thus
thus B M ab =ε abāb E¯cλāM¯b¯c. In other words we can decompose dual to P ab as
where B a is an arbitrary 1-form vector, B a is a 0-form vector and M ab is a symmetric matrix.
We already derived equations of motion of the Einstein-Cartan theory from Lagrangian in section II and now it is the right time to explore them in detail. Anyway, we present here only brief description and leave the rest to the next chapters where Hamiltonian-Dirac formalism is explored in full detail. Recall that the torsion equation (9) sets the connection to be just geometrical; in other wordsÂ ab , can be written as function(al) of the metric g µν = η ab e a µ e b ν and initial value formulation for Einstein equations (10) written using g µν is well known and understood problem (see, e.g. 15 ).
If we follow ideas of Einstein-Cartan theory and work with our variables A ab , E a , etc. then the set of equations given by (9) and (10) is not complete. Missing equations should be derived from the condition preserving the constraints given by the equation (9) and (10) . Let us look what happens here. Decomposition of (9) leads to
Equations (10) can be rewritten similarly as
The expression on the right-hand side of (51) is a 2-form with antisymmetric indices and we can use decompositon (49). We obtain an evolution equation and a constraint
Here is no problem with ambiguity. The equation (53) is a 2-form with one tensor index hence it expresses 4 × 3 = 12 conditions forȦ ab with 6 × 3 = 18 degrees of freedom. We see that we
are not able to determine connection velocities and some equation(s) is(are) still missing. We will see later that conditions (50) and (52) represent the first class contraints while equation (55) 
we will not do that because we do not need it anywhere. It is enough for our purposes to know that our set of equations determines uniquely, up to gauge transformation, evolution of our system.
IV. HAMILTONIAN
In section II we have introduced the Lagrangian of the Einstein-Cartan theory. Next step towards its quantum formulation should be done by its converting it into canonical form. Since our system contains velocities of basic variables at best linearly, standard Hamilton procedure can not be used. Therefore we must use Dirac procedure for constrained dynamic 16 . In the standard and even in the Dirac approach to dynamics the notion of momentum for variable q A is intro-
where L is Lagrangian of a system. Since action is S = dtL we can see that action and Lagrangian for field theory can be written within 4-form L called Lagrangian 
and L (EC) does not depend on C ab , C ab while as we already know, the whole Lagrangian L does not depend on B, B. Thus we can consider this subsystem independently. Hamiltonian
given by
with primary constraints ϕ = u = Φ ab = U ab = 0. Secondary constraints are 
We use this in definition of Hamiltonian. Our procedure then yields the following result
The existence of the primary constraints represents the fact that we are working with a degenerated Lagrangian and therefore we are not able to express velocities as function(al)s of momenta (they are given by conditions ∂L ∂Q A = 0). Our system is degenerated and primary contraints are given by
Since these constraints should be valid through the whole time evolution of our physical system their time derivatives should vanish too and this implies further conditions which should be fulfilled 17 ,
The first two of them are secondary constraints. It is clear that (63) 
This expression can be split into three independend equations
We can use constraint T ab = 0 in the second equation which together with the first one implies that h a = 0, while the third equation is equivalent to another secondary constraints,
c ∧ DE c and M ab is arbitrary function symmetric in its indices. Let us substitute the decomposition
into the equation (65) (where γ ab = γ ba ). We obtain 
which can be rewritten after some algebraic manipulations as
where 
where γ ab is not determined yet. But there is no need to worry since our analysis is not over. We have just finished the first level of the Dirac procedure, however conservation of the secondary constraints should be analyzed too and there will appear the missing equation for γ ab . In order to do this let us compute time derivatives of secondary constraints (61), (62) and (71) dR
where the terms obviously proportional to the constraints are omitted. We can substitute from 
The first term vanishes due to (65). The last term can be transformed with the help of identity
abāb ε¯a¯b¯cdR¯cd into expression
Hence no new condition appears from equation (78) since last term is proportional to R a = 0.
Equation (79) can be rewritten with help h a = 0 and due to the fact that constraints
where (77) has been already substituted. Since any 4-form on the three-dimensional manifold vanishes identically we have that 
This is the equation which determines γ ab entering (77). However, we do not need explicit expression. For our purposes it is sufficient to show that this equation determines γ ab uniquely. In
order to see it we should substitute the expression (77) γ ab hence we can consider only the term proportional to γ ab which is λ b λ¯bη ccε dcb(aεā)bcd γ dd =G aābb γ bb and as we will see in the next section the expressionG aābb standing before γ bb is invertible on spatial subspace.
Let us summarize this section. We have built the Hamiltonian formulation of Einstein-Cartan theory. The Hamiltonian is given by the sum of two Hamiltonians 
where H ab does not depend on Λ ab and it is the solution of (65) and (82). We will continue with Dirac analysis in the next section where we will introduce Dirac bracket and explore the reduced phase space of our physical system.
V. DIRAC BRACKETS
The first level of the Hamilton-Dirac approach to the dynamics has been completed in the previous section. In the case when physical system possesses the second class constraints 
where U AB U BC = δ C A . We divide our job in two parts. In the first part we define certain simple brackets { , } ′ and then we use these partial brackets in the definition of the final Dirac brackets
Let us define weak equivalence before we start our analysis of constraints. We say that two variables A, A ′ are weakly equivalent, A=A ′ , if their difference is proportional to the second class constraints. The second class constraints for our system are (b a , B ab , M ab are arbitrary)
We start the analysis by their decompositions
α .
Now we are going to eliminate constraints p ⊥ , p || a and their "canonical friends" P ⊥ a , P || a by introducing "partial Dirac bracket" { , } ′ . This bracket plays important role even in the context of full Dirac bracket. In order to introduce it we need following expressions
Hence nontrivial Poisson brackets are
It is easy to find that matrix
Next step is to look for the inverse matrix to U 
Now we have prepared everything what we need in order to define the partial Dirac bracket as follows
The final Dirac bracket is going to be introduced within partial brackets and remaing constraints Next important classical commutator is
where ω =
. Now it is time to pay debt from the previous section where we have stated thatG aābb is invertible. We are going to do even more. We are going to
aābb . We can write
Let us transform U aābb into more suitable form. In order to do so we need to use the spatial metric tensor which is due to our choice of signature strictly negative
where q ab = η¯a¯bE¯a a E¯b b , its inverse matrix is q αβ q βγ = δ α β or q ab q bc = E a c and determinant
It should be noted that q
η¯a¯b. Now we can write
where we have used formula q = −e 2 λ * 2 and λ * 2 = η ab λ a λ b . Now we are looking for inverse matrix to U aābb in the form U aābb = Aq aā q bb + B(q ab qā¯b + q ab qā b ) and the result is given by the expression
In order to finish the phase space reduction we need to describe a reduced manifold. Let us start with full phase spaceΓ described by canonical variables λ a , π a , . . . , U ab (see table I ). As we have seen in section IV the first reduction is given by C ab = C ab = Φ ab = U ab = 0 while conditions ϕ = u = 0 are the first class contraints. These contraints mean that B, B are arbitrary and physics does not depend on them. Hence we can writeΓ red =Γ × ΛΣ, where ΛΣ is Cartan algebra of all forms on Σ of variables B, . . . , u andΓ is described by variables λ a , . . . , p ab . Whole dynamics takes place inΓ. Let us consider a set
Hence due to condition e > 0 we have Conf ⊂ GL + (M ). However Conf is not a group. 
Since A ab is antisymmetric matrix 1-form we can decompose it as
where α ab = α ba . Relevant information about A a and A a is encoded in a new variable
while α ab does not enter 
Analogously, we obtain the rest of Dirac brackets for our variables onΓ. The nontrivial results are
The reduction ofΓ is almost finished. We can express α ab from the condition S ab = 0 as func- is still (part of) the gauge freedom which is in opposite to the standard euclidean loop formulation of gravity where the orthonormal coframe e a is fixed to be tangential to Σ in spatial covectors and its time covector is normal to Σ. Then we have used SO(g) structure in the Hamilton-Dirac formulation of the Einstein-Cartan theory. Since our system is degenerated and it contains both classes of constraints the Dirac bracket has been introduced. The Dirac procedure has been finished by introducing the reduced phase space described by coordinates (λ a , E a , π a , F a ). 
Momenta and velocities variables are given by table II. 
